The problem of Earth pointing attitude control for a spacecraft with magnetic actuators is addressed and an almost global st,ability result is proved for an adaptive PD-like state feedback control law. Simulation results illustrate the performance of the proposed control law.
Introduction
Magnetic coils ha<e been extensively used since the early sixties as a simple and reliable technology to implement attitude control actuators in low Earth orbit satellites (see, e.g., [16] or [12] and the references therein). Such actuators operate on the basis of the interaction between the geomagnetic field and a set of three ort.hogonal current-driven coils; this has a number of implications which make the magnetic spacecraft control problem significantly different from the conventional attitude regulation one. The main difficulty is due to the fact that it is not possible (by means of magnetic actuators) to provide three independent control torques at each time instant. In addition, the behaviour of these actuators is intrinsically timevarying, as the control mechanism relies on the variations of the Earth magnetic field along the spacecraft orbit.
A considerable amount of work has been dedicated in recent years to the problems of analysis and design of magnetic control laws in the linear case, i.e., control laws for nominal operation of a satellite near its equilibrium attitude, using either periodic optimal control (see, e.g., 19 2 Spacecraft model
Coordinate frames
The model of a rigid spacecraft with magnetic actuation can be described in various reference frames [15] .
For the purpose of the present analysis, the following reference systems are adopted.
Earth Centered Inertial reference axes (ECI). The origin of these axes is in the Earth's centre. The X-axis is parallel to the line of nodes, that is the intersection between the Earth's equatorial plane and the plane of the ecliptic, and is positive in the Vernal equinox direction (Aries point). The Z-axis is defined as being parallel to the Earth's geographic north-south axis and pointing north. The Y-axis completes the right-handed orthogcnal triad.
Orhital Axes (Xo, YO, ZO). The origin of these axes is in the satellite centre of mass. The X-axis points to the Earth's centre: the Y-axis points in the direction of the orbital velocity vector. The Z-axis is normal to the satellite orbit plane and completes the right-handed orthogonal triad.
Satellite hody axes. The origin of these axes is in the satellite centre of mass; the axes are assumed to coincide with the body's principal inertia axes.
In this paper only the case of a spacecraft in a circular orbit is considered; the (constant) orbital angular rate will be denoted hy WO. Finally, in the following the unit vectors corresponding to the orhital axes will be denoted with ezr ey and e, respectively, with the superscript ( b ) when considering the components of the unit vectors along the orhit,al (hody) axes.
Dynamics
The attitude dynamics can be expressed (in the body Frame) hy the well known Euler's equations 1151
where w E R3 is the vector of spacecraft angular rates,
I
is the inertia matrix, S(w) is given by
T,,il, E R3 is the vector of external torques induced hy the magnetic coils, T,, E R3 is the gravity gradient torque and Tdist E R3 is the vector of external disturhance torques. We devote specific attention to gravity gradient torques, as they play a major role in defining the equilibria of relative motion for Earth pointing spxecraft. For a satellite in circular orbit, the gravity gradient torque can he written as
where vector e: defines the local Nadir direction in the body frame.
Relative kinematics
In this paper we will he concerned xith the dgnamics of an Earth pointing satellite? so t,he focus will he on the relative kinematics rather than on the inertial kinematics. In other words, we will he concerned with representations of the attitude of the spacecraft with respect t,o the (rotating) orhital axes.
The attitude kinematics will descrihed in terms of the four Euler parameters (or quaternions, see, e.g., [15] where ut = -wOef. Letting A ( q ) the attitude matrix relating the orhital and the'body frames, one has that
and similarly for ,$,e:. Finally, note that A(q) = 13
Magnetic coils
The magnetic attitude control torques are generated by a set of three magnetic coils, aligned with the spacecraft principal inertia axes, which generate torques according to the law
T Tcmis = S ( b ( t ) b c o t i a v (8)
where mcoLis E R3 is the vector of magnetic dipoles for the three coils (which represent the actual control variables for the coils) and b(t) E R3 is the vector formed with the components of the Earth's magnetic field in the hody frame of reference. Note that the vector b(t)
can be expressed in terms of the attitude matrix A(q) (see 1151 for details) and of the magnetic field vector expressed in the Orbital coordinates, namely bo(t), as
The dynamics of the magnetic coils reduce to a very short electrical transient and can be neglected. Note that S(b(t)) is structurally singular, i.e., magnetic actuators do not provide full controllability of the system at each time instant. In particular, it is easy to see that rank(B(b(t))) = 2 (if llb(t)l/ # 0) and that the kernel of S(b(t)) is given by Yector b ( t ) itself, i.e., a t each time instant it is not possible to apply a control torque along the direction of b(t).
If a preliminary feedhack of the form
is applied to the system, where U E W3 is a new control vector, the overall dynamics can be written as
We now prove a preliminary result which will be exploited in the next Section.
L e m m a 1 Consider the system (11) and assume that the considered orbit for the spacecraft satisfies the condition
Then, there exists w~ > 0 such that if llwrII < w~
along the trajectories of the system (11).
Proof:
Consider first the particular case w, = 0, which implies that q = @ = const. If l= is singular there exists a nonzero vector ZS such that
and uo = A(q)TCi.' However, (13) and (9) imply that which contradicts the assumption. Finally, continuity arguments suffice to guarantee that (12) holds provided that w is sufficiently small for t > E.
Lemma 1 lends itself to a very simple physical interpretation. Condition det(l=) = 0 defines the set of all trajectories along which average controllability is lost. Clearly this represent a non-generic condition, as it implies that the combination of the natural, on-orbit variability of bo(t) with the attitude motion of the satellite gives rise to a constant magnetic field vector ( b ( t ) = 6) in the body reference hame. Such a condition, however, can only arise whenever the angular rate of the spacecraft is Sufficiently large, hence average controllability in the sense of (12) is guaranteed for sufficiently small w. Finally, note that Ilbo(t)ll and Ilbo(t)ll are only function of the spacecraft orbit and are always non-zero for a typical low Earth orbit (LEO) mission. (18) and NO 2 0 is a constant matrix. The assumption f o < Z3 implies that it is possible to select NO such 3 r o 2 ( e r l e~-1 , ) + 2~( 1 , -e r 1 e , ) + 2 k~( l --~l 4 ) ] and note that for sufficiently large kp function V, is positive definite. Its time derivative along the trajectories of the closed loop system (11)- (22) is given by 
As 6 < 0, one has that zZr -t 0 and therefore for sufficiently large kp also zlr + 0.
Simulation results
The considered spacecraft has an inertia matrix given by I = diag[5,60,70] kgm', and operates in a near polar (87" inclination) orbit with an altitude of 450km
and a corresponding orbit period of about 5600s.
For such a spacecraft, two simulations have heen carried out: the first one is related to the acquisition of the target attitude q from an initial condition characterized by a high initial angular rate; the second one illustrates the behaviour of the proposed control strategy when recovering the desired target attitude from an initial condition corresponding to the initial attitude [0 0 OIT and zero relative angular rate. In both cases, according to Proposition 2, the satellite is initially subject to a purely derivative control law
The results of the attitude acquisition simulation are displayed in Figures 1-2 , from which the good performance of the control law, with parameters E = 0.001, kp = k, = 20, can be seen.
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The initial condition of the second simulation corro sponds to an "upside down" initial attitude, i.e., the bring the satellite to the desired attitude. In particular, note that the transient of the attitude quaternion (Figure 3) shows that the transition from the initial to the find orientation of the satellite is carried out via an almost pure rotation around the 2 body axis, i.e., the (initidly correct) orientation of the I and y axis is only minimally perturbed. Finally, in Figure 5 the behaviour of the elemnts of the (symmetric) matrix Fa" is shown. As can be Seen from the figure, the elements of the estimated average gain converge to constant values for t -+ M.
Concluding remarks
An adaptive, state feedback PD-like control law for the magnetic attitude stabilisation of Earth pointing spacecraft is proposed; which guarantees almost global sta- 
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Figure 5: Time evolution of elements of the estimated average gain during recovery from "upside down" attitude.
[2] A. Astolfi and al. Lovera 
